Abstract A new construction is given of cyclic semifields of orders q 2n , n odd, with kernel (left nucleus) F q n and right and middle nuclei isomorphic to F q 2 , and the isotopism classes are determined. Furthermore, this construction is generalized to produce potentially new semifields of the same general type that are not isotopic to cyclic semifields. In particular, a new semifield plane of order 4 5 and new semifield planes of order 16 5 are constructed by this method.
Introduction
Finite semifields are of fundamental importance in the study of finite affine and projective planes and seem to appear in various classification results and construction procedures.
For example, in the classification of finite translation planes admitting nonsolvable doubly transitive groups on line size sets, due to Ganley, Jha and Johnson [9] , towards the end of the study, an unusual possibility arises: whether a semifield plane could admit a non-solvable collineation group acting doubly transitive on a parabolic oval. Ultimately, the semifield plane is shown to be a generalized twisted field plane. It is only through the knowledge that the full collineation group of any generalized twisted field plane is solvable (see Biliotti, Jha, Johnson [5] ) that this case can be completely ruled out.
There are intimate connections between commutative semifields and symplectic semifield planes, as shown by Kantor [16] ; the transpose+dual of a commutative semifield plane produces a symplectic semifield plane. In the Suetake planes of order q n , where q and n are both odd, admitting a collineation group with two long orbits of length (q n − 1)/2 on the set of components, there is a class of associated generalized twisted field planes. In fact, such generalized twisted field planes are symplectic and by reversing the construction procedure, [2] , Ball, Bamberg, Lavrauw, Penttila have shown that the Suetake planes are also symplectic, the first such nonsemifield symplectic planes known of odd dimension and odd characteristic.
Another example of unlikely places for semifields to show up is in 'generalized Desarguesian' planes of Jha-Johnson [12, 13] . Starting with a translation plane of order q 3 admitting a collineation group isomorphic to GL(2, q) acting canonically as in an associated Desarguesian plane of order q 3 , it is possible to construct a type of semifield plane called a cyclic semifield plane. Conversely, any cyclic semifield plane of order q 3 constructs a generalized Desarguesian plane.
A cyclic semifield plane of order q n is defined as follows: assume that T is an element of L(n, q), which is strictly semilinear and irreducible over F q . Then, there is a non-identity automorphism σ of F q such that αT = T α σ , ∀α ∈ F q .
The following defines a spread set and a corresponding semifield plane, called a "cyclic semifield plane": This construction generalizes that of Sandler [21] and is due to Jha-Johnson [11, 13] .
If n = 3, there are connections with generalized Desarguesian spreads. If S 3 is a cyclic semifield plane of order q 3 , consider the group G isomorphic to GL (2, q) acting canonically as a matrix group:
If T defines S 3 as above, the following becomes a spread set:
x = 0, y = xα; α ∈ F q ∪ {(y = xT )g; g ∈ G} .
Such a translation plane admits GL(2, q) as a collineation group and conversely any such plane constructs a cyclic semifield plane. In a related article, the authors [14] determine all the cyclic semifields of order q 6 that are of dimension 6 over the associated centers and have right and middle nucleus isomorphic to F q 2 and left nucleus isomorphic to F q 3 . In the same paper it has been proven that any semifield of order q 6 with left nucleus isomorphic to F q 3 , middle and right nuclei both isomorphic to F q 2 and center F q is isotopic to a cyclic semifield and hence it belongs to the so called family F 4 of semifields 2-dimensional over their left nucleus and 6-dimensinal over their center, introduced in [20] .
In this article, we determine all the cyclic semifields of order q 2n , n odd, with left nucleus isomorphic to F q n , middle and right nuclei both isomorphic to F q 2 and center isomorphic to F q . Some of these were previously constructed by Jha-Johnson in [11] (see Section 10) . Moreover, we generalize this family constructing a family of semifields with the same parameters. This wider family contains new classes of semifields not cyclic but isotopic to cyclic semifields (semifields of degree 2) and, for q = 2, 4 and n = 5, examples of semifields not isotopic to any previously known semifield.
Furthermore, we are able to give a lower bound for the number of isotopism classes of cyclic semifields. In particular, for q = p h , denoting by θ the number of elements of F q n not belonging to any proper subfield of F q n , there are at least q n − θ 2nhq(q − 1) mutually non-isotopic cyclic semifields.
Semifields, semifield spreads and spread sets
A finite semifield S is a finite algebraic structure satisfying all the axioms for a skewfield except (possibly) associativity. The subsets are fields and are known, respectively, as the left nucleus, middle nucleus, right nucleus and center of the semifield. A finite semifield is a vector space over its nuclei and its center (for more details on semifields see [6] and [8] ).
To any semifield spread S of P G (3, q) it is possible to associate a translation plane π(S) of order q 2 , called a semifield plane, via the well known André-Bruck and Bose construction; i.e. a projective plane coordinatized by a semifield, of order q 2 , say S, which is at least two dimensional over its left nucleus.
Let S be a semifield spread and choose homogeneous projective coordinates in P G (3, q) in such a way that the lines
For each line of S different from ∞ and 0 , there is a unique nonsingular 2 × 2 matrix X over F q such that
In this setting, for any 2 × 2 non-zero matrix X over F q , the set
is a regulus containing the lines ∞ and 0 and any regulus through ∞ and 0 can be written in this way. The set
has the following properties:
(i) C S has q 2 elements, (ii) the zero matrix belongs to
Such a set C S is called the spread set (of matrices) associated with S with respect to 0 and ∞ (see e.g. [6] ). Conversely, starting from a set C of 2 × 2 matrices over F q satisfying (i), (ii) and (iii), and closed under addition, the set of lines
is a semifield spread of P G (3, q) and C S = C.
Let π(S) be the semifield plane defined by the semifield spread S of P G(3, q), let C S be the spread set associated with S containing 0 and ∞ , and let V = V (4, q) denote the vector space of all 2 × 2 matrices over F q . Since C S is closed under addition and contains the zero matrix, C S defines a vector subspace of V over some subfield of F q . Denote by K the maximal subfield of F q with respect to which C S is a K-vector subspace of V, i.e. K is the maximal subfield of F q such that λX ∈ C S for any λ ∈ K and for any X ∈ C S . If π(S) is a non-Desarguesian semifield plane, then K is a proper subfield of F q called the center of the semifield plane π(S); equivalently, K is called the center of the semifield spread S. It can be shown that K is isomorphic to the center K of the semifield S which coordinates π(S).
Starting from a semifield spread S of a 3-dimensional projective space, another semifield spread, sayŜ, can be constructed by applying any correlation of the space. The semifield spreadŜ does not depend, up to isomorphism, on the chosen correlation and it is called the transpose of S (see e.g. [6] and [3] ).
Two semifield spreads S and S are isomorphic if and only if the associated translation planes π(S) and π(S ) are isomorphic; this happens if and only if the associated semifields S and S are isotopic (for more details on isotopy see [6] ). The center of a semifield spread is invariant under isomorphisms.
In terms of the associated spread sets of matrices, we have that S and S are isomorphic if and only if there exist two matrices A, B ∈ GL(2, F q ) and an automorphism σ ∈ Aut (F q ) such that
A very successful tool towards the proof of many of the results contained in this article was looking at the spread set of a semifield spread S of P G(3, q) as a set of F q -linear maps of F q 2 ; denote this set by S. Then, the set S is closed under addition between linear maps and it has the following properties: (i) the zero map belongs to S; (ii) |S| = q 2 ; (iii) any non-zero element of S is a non-singular map. In what follows we will refer to S as a spread set of linear maps of S. In these terms we have that the spreads S and S are isomorphic if and only if there exist two bijective F q -linear maps φ and ψ of F q 2 and τ ∈ Aut (F q 2 ) such that
and S and S are spread sets of linear maps of S and S respectively. Also, if S is a spread set of linear maps of F q 2 of a semifield spread S, then
is a spread set of linear maps of the transpose spreadŜ of S. Finally, if S is a spread set of linear maps of a semifield spread S containing the identity map, then the algebraic structure (F q 2 , +, •) where + is the sum of the field F q 2 and • is defined as
with ϕ y the unique element of S such that ϕ y (1) = y is a semifield with identity 1 and left nucleus F q ; this semifield is (up to isotopy) the semifield S which coordinatizes the plane π(S).
3 Cyclic semifield spreads in P G(3, q n ), n odd In this section we will study cyclic F q -semifield spreads of P G(3, q n ) (n > 1 odd) whose associated semifield S has middle and right nuclei both isomorphic to F q 2 . We start by proving some lemmas which are fundamental to our purpose.
Lemma 1
Let F q be the field of scalar 2 × 2 matrices over F q , i.e.
If F is any field of 2 × 2 matrices over F q n isomorphic to F q 2 and containing F q , then
with α, β ∈ F q . Since the field F is closed under the product, straightforward computations show that
Moreover, since F is a field, any matrix of F is non-singular, i.e. the polynomial
Lemma 2 Let F be the field of the previous lemma and let
with u, t ∈ F q , be any element of F . Then,
Proof Note that since
then λ ∈ F q 2 \ F q and hence {λ, 1} is an F q -basis of F q 2 . Also, the map
is an isomorphism between F and
with u, t ∈ F q , then
where u = u + t (A + D) and t = −t; the result follows. Now, we are able to exhibit the general form of a cyclic F q -semifield spread of P G(3, q n ), n odd, whose associated semifield has right and middle nuclei both isomorphic to F q 2 .
Lemma 3 Any cyclic semifield spread S of P G(3, q n ), n odd, whose associated semifield has right and middle nuclei both isomorphic to F q 2 and center isomorphic to F q can be described as follows
where α i , β j vary in F , with F a field of 2 × 2 matrices isomorphic to F q 2 described in Lemma 1, I is the identity matrix,
Proof If S is a cyclic semifield spread of P G(3, q n ), whose associated semifield has right and middle nuclei both isomorphic to F q 2 and center isomorphic to F q , then its spread set with respect to the lines ∞ = {(0, 0,
where α i , β j vary in a field of matrices F isomorphic to F q 2 and T is a 2 × 2 matrix over F q n such that αT = T α q for any α ∈ F and such that T induces a non-linear collineation of P G(n − 1, q 2 ) without fixed proper subspaces (i.e., (T , F ) is an irreducible pair, see [11] ). Hence, the spread set C S of S is a right vector space over the field of matrices F generated by {I, T , T 2 , . . . , T n−1 }. Since S is a semifield spread with center F q , we may assume that F contains the field of scalar matrices over F q and by Lemma 1 we have
where
Since n is odd such a polynomial is also F q n -irreducible and this implies that BC = 0 and that the field F is contained in the field of matrices (isomorphic to F q 2n )
, with x i ∈ F q n , by αT = T α q and by Lemma 2 we get
for all u, t in F q and this implies the following conditions:
Hence,
Straightforward computations show that
2 and with
Now the result follows.
A spread set of the form (3.1) produces a cyclic semifield spread if the pair (T , F ) is irreducible. So, by Lemma 3, we may obtain all the cyclic semifield spreads of P G(3, q n ), n odd, whose associated semifield has middle and right nuclei both isomorphic to F q 2 and center isomorphic to F q , by determining all the irreducible pairs (T , F ), where F is a field of 2 × 2 matrices over F q n isomorphic to F q 2 described in Lemma 1 and T is a 2 × 2 matrix of the type shown in Lemma 3.
In order to do this, it is useful to describe the spread set associated with a cyclic semifield spread in terms of F q n -linear maps of F q 2n in such a way that the field of the matrices F corresponds to the field of the scalar maps of F q 2n defined by elements of F q 2 , i.e. the maps x ∈ F q 2n → αx ∈ F q 2n , with α ∈ F q 2 .
To this aim, let S be a cyclic semifield spread and let C S be the associated spread set as described in Lemma 3. Recall that, since n is odd, the polynomial
is both F q -irreducible and F q n -irreducible and in particular C = 0. Let λ be a root in
and consider the F q n -basis {λ, 1} of F q 2n . The 2 × 2 matrix over F q n representing (in the fixed basis and with respect to the left multiplication) the linear mapᾱ
where t, u are the components of α in the F q n -basis {λ, 1}. In particular, if α ∈ F q 2 then t, u ∈ F q . On the other hand the matrix
represents, in the fixed basis {λ, 1}, the F q n -linear map of F q 2n
where b = x 2λ − x 0 . It follows that for any k = 1, . . . , n−1 2 the matrices T 2k−1 and T 2k represent, in the fixed basis {λ, 1}, the F q n -linear maps of F q 2n
where u = b q n +1 . Then, the F q n -linear maps of F q 2n corresponding to the matrices of C S in the basis {λ, 1}, are
where α i , β j ∈ F q 2 . Let S be such a set of F q n -linear maps. Note that, since |S| = q 2n ,
2 } is independent over F q 2 and this implies that
Therefore, by the previous arguments and by Lemma 3 , we obtain part (1) of the following: Theorem 1 (1) Any spread set of F q n -linear maps of a cyclic semifield spread S of P G(3, q n ), n odd, whose associated semifield has the right and middle nuclei both isomorphic to F q 2 and the center isomorphic to F q may be represented in the following form:
(2) Conversely, if u and b are two fixed elements of F q n and F q 2n (n odd), respectively, such that {1, u, . . . , u n−1 } is an F q 2 -basis of F q 2n and b q n +1 = u then the following
is a spread set of F q n -linear maps of a cyclic semifield spread of P G(3, q n ), whose associated semifield has the right and middle nuclei both isomorphic to F q 2 and the center isomorphic to F q .
Proof We give the proof of part (2) . The set of the F q n -linear maps
contains the zero map, is closed under the sum and |S u,b | = q 2n . So it defines a spread set of a semifield spread if the non-zero maps of S u,b are non-singular. Suppose that there exist x ∈ F * q 2n and α i , β j ∈ F q 2 such that
2 )x q n = 0.
Then
and hence
Now, since {1, u, . . . , u n−1 } is an F q 2 -basis of F q 2n (in particular since n is odd and u ∈ F q n , it is also an F q -basis of F q n ), we get α i = β j = 0 for any i = 0, . . . , 
and note that T ∈ S u,b . Since
for any α ∈ F q 2 , T induces a strictly semilinear collineation of P G(n − 1,
fixed by T of minimum dimension. Then we can write
for some α i ∈ F q 2 . If m < n − 1, then the F q n -linear map
of S u,b is singular, a contradiction. So, T induces an irreducible semilinear collineation over F q 2 and since S u,b is the subspace over F q 2 generated by
we have that S u,b defines a cyclic semifield spread of P G(3, q n ). Now we compute the nuclei of the semifield S u,b defined by S u,b . It is easy to see that an element y of a semifield S belongs to N r (resp. N m ) if and only if ϕ y • ϕ ∈ S (resp. ϕ • ϕ y ∈ S) for any element ϕ of S (see e.g. [22, Sec. 4] ). From this, we get that F q 2 is contained in the right and middle nuclei of the semifield S u,b . Also if ϕ : x → Ax + Bx q n is an element of the right nucleus of
and this implies
By using similar arguments we obtain N m = F q 2 ; this concludes the proof.
Corollary 1
The transposeŜ of a cyclic semifield spread S of P G(3, q n ), n odd, whose associated semifield has right and middle nuclei both isomorphic to F q 2 and center F q is a cyclic semifield spread.
Proof By the previous theorem part (1) a spread set of linear maps of S can be represented in the form S u,b where u is a fixed element of F q n such that {1, u, . . . , u n−1 } is an F q 2 -basis of F q 2n and b is a fixed element of F q 2n such that b q n +1 = u. So a spread of linear maps ofŜ is S u,b q n and since (b q n ) q n +1 = b q n +1 = u, from (2) of Theorem 1 we get the result.
By Theorem 1, all of the cyclic semifield spreads in P G(3, q n ), n odd, whose associated semifields have middle and right nuclei both isomorphic to F q 2 and center isomorphic to F q , are obtained by selecting the elements b ∈ F q 2n such that {1, u, . . . , u n−1 } is an F q -basis with b q n+1 = u, i.e. selecting the elements b ∈ F q 2n in such a way that b q n +1 does not belong to any proper subfield of F q n . So far, the only known examples of cyclic semifield spreads have been exhibited by Jha and Johnson (see e.g. [10] ) and they are obtained by choosing the element b as a primitive element of F q 2n . In the rest of this section, we will denote by S u,b a cyclic semifield spread defined by the set S u,b of F q n -linear maps of Theorem 1. Now we describe some geometric properties of the cyclic semifield spreads S u,b . First we give a technical lemma
and γ s = 0 and suppose that the polynomial
with β i ∈ F q 2 and
Proof Let
where m(x) is the factor of β(x) of maximum degree belonging to F q [x] and let
Since s + l ≤ n − 1 and {1, u, . . . , u n−1 } is an F q 2 -basis of F q 2n from the above equality we get the following polynomial equality
whereγ (x) andδ(x) are the conjugates over F q 2 of γ (x) and δ(x), respectively. Note
andĝ(x) do not have non-constant common factors. Then γ (x) (resp. δ(x)) and γ (x) (resp.δ(x)) does not have non-constant factors in common. So by Equality 3.3 we get δ(x) = αγ (x) with α ∈ F q . So
where t (x) ∈ F q [x] has degree at most 
Each of these q + 1 reguli is defined by the set of F q n -linear maps Proof a) Since
and b) Note that any regulus passing through ∞ and 0 is defined by a set R of F q n -linear maps of V (the vector space of all F q n -linear maps of F q 2n ) which is an 1-dimensional F q n -subspace of V. Let R be a regulus through ∞ and 0 , contained in D and passing through another line of S u,b . Then, the set of the F q n -linear maps defining the lines of R \ { ∞ } is
with α i given elements of F q 2 not all zero. Let
and write
where l(x) is the factor of α(x) belonging to 
c) LetD be a Desarguesian spread of P G(3, q n ) different from D containing the lines ∞ and 0 , sharing q n+1 + 1 lines with S u,b and letD be the spread set of F q n -linear maps definingD. The spread sets of F q n -linear maps D andD are distinct F q n -vector subspaces of V = V (4, F q n ) of dimension 2 and hence dim F q n (D ∩D) is either 0 or 1. Recalling that S u,b is an F q -vector subspace of V = V (4n, F q ) of dimension 2n, since and this implies 
a contradiction. This proves the Theorem.
A generalization
In the previous setting we have the norm N(b) = N q 2n /q n (b) = b q n +1 = u. However, the general form of the spread of linear maps can produce other non-cyclic semifields, which may be considered as constructed from cyclic semifields. Let S u,b be the set consisting of the F q n -linear maps of F q 2n
2 )x q n ∈ F q 2n with u ∈ F * q n , b ∈ F * q 2n and {1, u, . . . u n−1 } an F q 2 -basis of F q 2n (n odd). So |S u,b | = q 2n , the zero map belongs to S u,b and S u,b is closed under sum. We have the following
Proposition 1 The set S u,b is a spread set of F q n -linear maps if and only if
In this case the associated semifield S u,b has N l = F q n , N r = N m = F q 2 and center F q .
Proof The set S u,b is a spread set if and only if all the non-zero elements of S u,b are non-singular maps, and this is equivalent to require that Proof We first note that S u,b = S u ,b if and only if the following conditions hold true
The sufficient condition is obvious. Concerning the necessary condition, from (4. 
If S u,b = S u ,b then, by Proposition 2, b = ξb with ξ ∈ F q 2 and u = α + βu, α, β ∈ F q , β = 0 and hence
This means that if t is the maximum integer
(1 ≤ t ≤ n − 1) such that N(b) = L 0 + L 1 u + · · · + L t u t , with L t = 0, then N(b ) = L 0 + L 1 u + · · · + L t u t , with L t = 0.
From these arguments the following definition makes sense. A semifield S u,b of type ( * ) has degree
t (1 ≤ t ≤ n − 1) if N(b) = L 0 + L 1 u + · · · + L t u t with L t = 0.
Proposition 3 A semifield S u,b of type ( * ) is cyclic if and only if it has degree 1.
Proof It follows from Theorem 1, Proposition 2 and Definition 1. 
has two distinct roots in F q .
In order to prove this theorem, we start with the following
Lemma 5 Let
non-constant and let n ≥ 3. 
if and only if f (x) has either two coincident roots in F q or two conjugate roots in F q 2 .
Proof We start by proving the sufficient condition. In our hypotheses, we can write 
and hence (4.4) occurs. Now, we prove the necessary condition. Suppose that (4.4) occurs for some α i , β i ∈ F q 2 not all zero. By way of contradiction suppose that either f (x) has degree 1 or f (x) has two distinct roots in F q . Let
2 ) and
2 ).
Equality (4.4) becomes f (x)g(x)ĝ(x) = h(x)ĥ(x).
Note that gĝ and hĥ are elements of F q [x] and a root in F q of a polynomial of this type always has even algebraic multiplicity. Indeed, if a ∈ F q , then (x − a) s |h(x) if and only if (x − a) s |ĥ(x). Hence, in our hypotheses, if x 0 is a root of f (x) in F q [x] , then x 0 has odd algebraic multiplicity as a root of f (x)g(x)ĝ(x) and, on the other hand, it has even algebraic multiplicity as a root of the polynomial h(x)ĥ(x), a contradiction.
We now give the proof of Theorem 4.
Proof (Theorem 4) By Proposition 1, S u,b is not a semifield if and only if there exist
i.e.
Since the exponent of u in the above equality is at most n − 1 and {1, u, . . . , u n−1 } is an F q 2 -basis of F q 2n , by (4.5) we have the following polynomial equality
By the previous lemma, this equality can occur if and only if f (x) has either two coincident F q -roots or two conjugate F q 2 -roots. Hence, since C = 0, we can say that S u,b is a semifield if and only if the polynomial A + Bx + Cx 2 ∈ F q [x] has two distinct roots in F q .
So, if S u,b is semifield of type ( * ) of degree 2, from Proposition 3 it follows that S u,b is never cyclic. However, as we shall see in the next section these semifields of degree 2 are isotopic to cyclic semifields.
Note that if n = 3, Theorem 4 gives a complete answer to the question (Q). In the case n > 3, it remains to investigate the possibility that S u,b has degree greater than two and we deal with this problem in Section 6.
The question of isomorphisms
We start this section by observing that the geometric properties proved for any cyclic semifield spread (Theorem 2) hold true for any semifield spread of type ( * ) as well.
We have the following 
Then either
where LM = λβ with λ ∈ F * q n and β ∈ F * q 2 , or
where L M q n = λβ with λ ∈ F * q n and β ∈ F * q 2 .
Proof Note that by (c) of Theorem 2, the Desarguesian spread D is the unique Desarguesian spread containing ∞ and 0 sharing q n+1 + 1 lines with any semifield of type ( * ). Moreover from (b) of Theorem 2 the q + 1 reguli R α of D defined by the sets of 
recall that φ and ψ are bijective maps). Now, from (ii) we have that for each α ∈ F q 2 , the map φ
Remark 1 From Lemma 6 it follows that if
where LM = λβ with λ ∈ F * q n and β ∈ F * q 2 , then
2 )x q n ∈ F q 2n : α i , β j ∈ F q 2 }, (5.1)
where L M q n = λβ with λ ∈ F * q n and β ∈ F * q 2 , then
2 )x q n ∈ F q 2n : α i , β j ∈ F q 2 }.
In the latter case S u ,b can be obtained also by an isomorphism of the first type with
Hence via isomorphisms of second type we get the same semifield spread sets obtained via isomorphisms of the first type. So we can consider only isomorphisms of the first type, i.e. if S u ,b is isomorphic to S u,b , then there exist λ ∈ F * q n , M ∈ F * q 2n
and τ ∈ Aut (F q 2n ) such that
2 )λx
First we consider the case τ = 1.
Theorem 5 If
our hypothesis occurs if and only if
2 . Putting together (5.6) and (5.7) we have
Moreover,
and so from (5.8) it follows
Since the exponent of u in the above equality is at most n − 3 and {1, u, . . . , u n−1 } is an F q 2 -basis of F q 2n , by (5.9), we have the following polynomial equalities
In particular for i = 2, Equation (5.10) becomes
and let ε i be the multiplicity of the factor f i (x). 
A n−3
Again from (5.11), we get
and hence A n−5
, where e(x) is a polynomial of degree at most 1, which is not proportional to f i (x) and we also get
,
From the above equality it follows the polynomial equality 
CASE 2:
2 . From (5.10), we get
and hence 
and after n−7 2 steps we get
This implies that A n−3
Using Equalities (5.10), we get
From Equality (5.5) for i = n−1 2 , arguing as in Case 1, we get
for some μ ∈ F * q 2 . Using (5.6), we get
where μ = μ β . Now we are able to prove
Theorem 6 The semifield spreads S u,b and S u ,b are isomorphic, if and only if
and τ ∈ Aut (F q 2n ). In addition if S u,b and S u ,b are isotopic and S u,b is cyclic, then
where either C = 0 or the polynomial
Proof If the semifield spreads S u,b and S u ,b are isomorphic then there exist λ ∈ F * q n , M ∈ F * q 2n and τ ∈ Aut (F q 2n ) such that
Also, S u ,b and S u τ ,b τ satisfy the assumptions of Theorem 5, so we get
where α, β, γ , δ, μ, μ ∈ F q 2 and M ∈ F * q 2n . Now, let S u,b be a spread set of linear maps defining the cyclic semifield spread 
This implies that
Note that since u ∈ F q n \ F q , then α/γ and β q /δ q are distinct elements of F q . Conversely, suppose that
with μ ∈ F * q 2 , M ∈ F * q 2n and τ ∈ Aut (F q 2n ). Let S u,b and S u ,b be the sets of the F q n -linear maps of F q 2n defining S u,b and S u ,b , respectively. It is sufficient to prove that there exist λ ∈ F * q n , M ∈ F * q 2n and an automorphism τ of F q 2n , such that
We first suppose that
with γ, δ ∈ F q 2 and δ = 0; note that since γ + δu τ belong to F q n , then γ and δ must belong to F q . Let
and observe that for any i = 1, . . . , n−1 2 , we get
Moreover, it can be seen that since 1, u, . . . , u n−1 2 are independent over F q 2 then
2 are independent over F q 2 as well. So
Similar arguments show that
and so we have the result. Now, suppose that u = α + βu τ γ + δu τ and let
For the previous case S u,b is isomorphic to S u ,b . Also, Indeed, let ω denote a primitive element of F 2 5 with minimal polynomial
. By using the software package MAGMA [7] we have
The elements ω and ω 18 produce cyclic semifields, the element ω 19 produces semifields of degree 2 (hence semifields isotopic to cyclic semifields), whereas ω 21 produces semifields of degree 4. Indeed,
Hence, the semifield S ω,b , with b ∈ F 2 10 such that N(b) = b 33 = ω 21 , is of degree 4 and by Corollary 2 is not isotopic to a cyclic semifield. Let now q = 4 and let ω be a primitive element of F 4 5 with minimal polynomial x 10 + x 6 + x 5 + x 3 + x 2 + x + 1 over F 2 . MAGMA computational results show that the elements of F 4 5 \ P (ω 11 ) which produce semifields S ω 11 ,b of degree greater than 2 are
where ξ = ω 341 ∈ F 4 . Hence, the semifields S ω 11 ,b , with b ∈ F 2 10 such that
are of degree 4 and by Corollary 2 they are not isotopic to cyclic semifields. So we have
Theorem 7
For q = 2 and n = 5, q = 4 and n = 5 there exist semifields of type ( * ) not isotopic to cyclic semifields.
From a given semifield S, by the so called Knuth operations (transpose and dual), it is possible to construct six semifields, one of which is the original. We will call these six semifields derivatives of S. The group S 3 permutes the nuclei (up to isomorphisms) of the six derivatives [18, Sec. 6] .
In what follows we will prove that our examples are not isotopic to any derivative of a known semifield. Proof The examples exhibited above have left nucleus F q 5 , right and middle nuclei F q 2 and center F q (q ∈ {2, 4}) (see Proposition 1). A symplectic semifield has right and middle nuclei both isomorphic to the center [15, 18] , while a semifield isotopic to a commutative semifield has left and right nuclei both isomorphic to the center. Hence, our examples are isotopic neither to a derivative of a symplectic semifield nor to a derivative of a commutative semifield. These arguments and the even characteristic allow us to say that our examples are not isotopic to a generalized Dickson semifield, to any semifield of type B, F , C listed in Section 10 and to any of their derivatives.
Since a Knuth semifield of type (17), (18) or (19) (see [8, pag. 241] ) is 2-dimensional over at least two of its nuclei and since a Knuth semifield of type (20) (see [8, pag. 242] ) has the three nuclei equal to the center, then our examples are not isotopic to any derivative of such semifields.
Moreover, a Sandler semifield has order q m 2 , left nucleus and center of order q (see [8, pag . 243] and [22, Thm. 1]); hence, again by comparing the nuclei, one can see that our semifields are not isotopic to any derivative of a Sandler semifield.
Also, the multiplication of a Generalized Twisted Field of order q depends on two automorphisms of F q , say S and T with S = I , T = I and S = T and |N l | = |F ix T |, |N r | = |F ix S| and |N m | = |F ix ST −1 | (see [1, Lemma 1] ). If a derivative of such a semifield was isotopic to one of our examples then it would have order s 2n (n odd), two of its nuclei both of order s 2 and the other one of order s n ; and this is not possible.
Finally, since the transpose is the unique Knuth operation leaving invariant the dimension over the left nucleus and interchanging the dimensions over the other nuclei and since the transpose of a cyclic semifield is a cyclic semifield as well (see Corollary 1), our examples cannot be the derivatives of a cyclic semifield. So, by these arguments and by Theorem 7, we have the assert.
Moreover, computations using the program Magma show that Theorem 9 For (q, n) ∈ {(3, 5), (2, 7), (2, 9)} semifields S u,b of type ( * ) of degree t > 2 do not exist. μ u τ . Note that since u ∈ F q n , then the order of the orbit of u under the action of Aut (F q 2n ) is at most nh, where q = p h . Recalling that S u,b = S u,ξ b , with ξ ∈ F * q 2 and that the number of b's with the same norm over F q n , non-proportional in F q 2 is q n +1 q+1 , we have that the number of cyclic semifield spreads isomorphic to S u,b is at most 2nh q n +1 q+1 . By Corollary 2 any semifield spread S u,b of type ( * ) with degree ≤ 2 is isomorphic to a cyclic one. So the number of non-isomorphic semifield spreads of type ( * ) with degree ≤ 2 coincides with the number of non-isomorphic cyclic semifield spreads.
Since {1, u, . . . , u n−1 } is an F q -basis of F q n if and only if u does not belong to any proper subfield of F q n and since two cyclic semifield spreads S u,b and S u ,b are the same if and only if u = α + βu, β = 0 (see Proposition 2), the number of distinct cyclic semifield spreads S u,b is
q+1 where θ is the size of the union of the proper subfields of F q n . In this way we have proved the following
Theorem 10
The number of non-isomorphic semifield spreads of type ( * ) with degree at most 2 is at least
In particular if n is a prime, then θ = q and this lower bound is
Net replacement interpretation
We have given a variety of constructions of semifields with spread sets of the following general form:
where b is a fixed element of F q 2n . Consider the partial spread where β j = 0 for all j = 0, 1, 2, . . . , Hence, we obtain:
Theorem 11
The semifields of order q 2n constructed here may be constructed from a Desarguesian affine plane of order q 2n by the net replacement of a net of degree q 2n − q n+1 .
More semifield spreads by algebraic lifting
We note that the construction process of 'algebraic lifting' produces from any spread in P G(3, h) a corresponding spread in P G (3, h 2 ) . Furthermore, the process constructs a semifield spread from any additive spread set. Hence, we obtain new classes of semifields of order q 4n , for n odd with spreads in P G (3, q 2n ) from any of the constructed cyclic or non-cyclic semifields of order q 2n , since the spreads constructed above are all in P G (3, q n ) . Note that the non-cyclic semifields planes are isomorphic to cyclic semifield planes but algebraic lifting is an algebraic process. Hence, non-cyclic semifield planes and cyclic semifield planes probably do not lift to isomorphic semifield planes.
In Jha and Johnson [11] , there are a variety of constructions of cyclic semifield planes. One construction is relevant in the work presented here. Let = lcm(m, n), m, n > 1 be integers, and > 1. Consider the mapping T :
where ω is a primitive element of F q . Then (see Theorem 2 [11] ), Jha and Johnson show that there is an associated cyclic semifield plane, called the 'Jha-Johnson cyclic semifield (q, m, n)'. Here the middle and right nuclei contain F q m and the left nucleus (kernel) is F q n (actually this is the dual semifield to the semifield constructed by Jha and Johnson). When m = 2 and n is odd, we obtain a cyclic semifield of order q 2n with kernel F q n and middle and right nuclei F q 2 . Hence, some of the semifields constructed in this article are Jha-Johnson cyclic semifields. The constructions here require a basis 1, u, u 2 , . . . , u n−1 for F q n over F q , and an element b such that b q n +1 = u, so any element u in F q n not belonging to any proper subfield of F q n , will suffice. Here we also give a generalization of such a family (see Section 4) obtaining new examples for q = 2 and n = 5, q = 4 and n = 5.
To Finally, we recall that there are two other constructions producing semifields starting from a given one. Both these constructions can be applied if the starting semifield is 2-dimensional over its left nucleus (see [17, Sec. 10] and [4, Sec. 6] ). Recently, in [19] , it has been proven that, up to a Knuth operation, these two constructions are equivalent.
